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Abstract
Financial undertakings often have to deal with liabilities of the form “non-hedgeable claim size
times value of a tradeable asset”, e.g. foreign property insurance claims times fx rates. Which strat-
egy to invest in the tradeable asset is risk minimal? We generalize the Gram-Charlier series for the
sum of two dependent random variable, which allows us to expand the capital requirements based on
value-at-risk and expected shortfall. We derive a stable and fairly model independent approximation
of the risk minimal asset allocation in terms of the claim size distribution and the moments of asset
return. The results enable a correct and easy-to-implement modularization of capital requirements
into a market risk and a non-hedgeable risk component.
Keywords: risk measure; risk minimal asset allocation; incomplete markets; modular capital require-
ments; perturbation theory; Gram-Chalier series; Cornish-Fisher quantile approximation; quantos;
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1 Introduction
We consider a liability of product structure
∑
i Li · Xi, where Xi are hedgeable risk factors and Li
represent stochastic notionals or claim sizes that are not replicable by financial instruments. It is
well known that such liability is not perfectly replicable, since the number of risk drivers exceeds the
number of involved hedgeable capital market factors.
This liability structure is of high practical relevance. Prominent examples stem from insurance:
Li denoting the claims from property insurance portfolios in foreign currencies and Xi denoting the
exchange rates, or, Li the benefit payments of pure endowment policies staggered by maturities
(depending on realized mortality) and Xi the risk-free discount factors. Also for the banking industry
such liability structure is relevant, in particular for measuring the credit value adjustment (CVA)
risk for non-collateralized derivatives with counterparties for which no liquid credit default swaps
exists: e.g. the CVA for a non-collateralized commodity forward contract can be written in the above
structure with Li denoting the default rate of the counterparty in the time interval ti (multiplied
by the loss-given-default ratio) and Xi denoting a commodity call option expiring at ti. The latter
represents the loss potential due to counterparty default at ti in case of increasing commodity prices.
1
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1hereby we assumed independence of the default rates from the credit exposure against the counterparty due to an increase
of the commodity forward rates beyond the pre-agreed strike, refer e.g. to [6] for details.
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To which extent can the risk from the above liability structure be mitigated by trading in the
capital market factors Xi? The residual risk must be warehoused and backed with capital. The
capital requirement for a financial institution is obtained in theory by applying a risk measure ρ on
the distribution of its surplus (i.e. excess of the value of assets over liabilities) in one year, which is
the typical time horizon for risk measurement. Hence we aim to find the optimal strategy to invest in
the assets Xi that minimizes the capital requirements. Intuition tells us that investing more than the
expected claim size into the respective hedgeable asset Xi makes sense, since large liability losses are
usually driven by events where both the claim sizes and the asset values develop adversely. As risk
measures focus on tail events, the excess investments in Xi mitigate that part of the liability losses
that stems from an increase in Xi. The essential task now is to quantify this excess amount.
Without loosing too much of generality we assume that Li and Xj are pairwise independent for
any combination of i and j and that there is no continuous increase in information concerning the
states of Li during the risk measurement horizon. The latter assumption is almost tantamount to
the assumption that claim sizes Li are not hedgeable. As a consequence there is no need to adjust
the holdings in Xi dynamically within the year. If Li and Xj were not independent, then in most
practical applications Li can be expressed by regression techniques as a function of the capital market
factors Xj plus some residual L
′
i which then is independent of all Xj by construction.
Even if the Xi and Lj are normally or log-normally distributed, the derivation of the risk minimal
asset allocation is not straight forward, since products of log-normal variables are again log-normal
but sums are not and vice versa for normal variables. On the other hand, it is well understood how
to derive in a general incomplete market situation the risk minimal asset strategy in the one period
case, refer to [5] and the references included therein. Our problem can also be seen as a special case
of the utility indifference pricing approach in a one period setting, refer to [8]. According to our
knowledge, no detailled results have been published yet that address the specific case of the above
product structure with a non-hedgeable factor.
In this paper, we analyze the risk measures value-at-risk and expected shortfall. Our first results
concern the exceptional initial holding in the asset equal to the value-at-risk of the non-hedgeable
component in the univariate case. We show in section 3 without additional assumptions on the
distribution of the asset X and claim size L that for this exceptional asset allocation the capital
requirements collapse to those in case of constant X. Moreover, this exceptional asset allocation is
risk minimal in the expected shortfall case; the value-at-risk based capital requirements on the other
hand are still decreasing when less than this exceptional amount is invested in X.
In the second part of this paper we apply perturbation techniques to the capital requirements.
Classical expansion techniques such as the Gram-Charlier series (refer to [1] for the seminal paper)
approximate the distribution of a random variable in terms of its moments or cumulants. Typically the
Gaussian density is used as base function resulting in an expansion in terms of Hermite polynomials.
The Cornish-Fisher expansion (first published in [2]) uses a similar approach to expand the quantiles
of random variables. Similar to the Gram-Charlier series, the Edgeworth expansion [3] approximates
the distance of the sum of i.i.d. random variables (properly scaled) to the Gaussian density, which is
closely linked to the bootstrap method, refer to [7]. For details on classical expansion techniques and
further developments refer to the monographs [10, 9, 12] and the references therein.
A straight-forward application of the Cornish-Fisher approach to expand the value-at-risk of the
surplus in terms of Hermite polynomial fails to reproduce the distribution-independent relation at
the exceptional asset allocation, which we derive in the first part of this paper. The reason is that
due to the product structure of the liability the distribution of the surplus becomes so irregular
that the quantile cannot be well approximated by the third and forth excess moments compared to
the Gaussian distribution. We prove in Proposition 6 a Gram-Charlier-like expansion of the sum of
two dependent random variables, where not the Gaussian density is used as base function but the
distribution of one variable instead.
Writing the surplus as sum of a non-hedgeable term and a perturbation term based on the hedge-
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able assets, the Proposition yields an expansion of the surplus distribution in terms of moments of
the hedgable assets. Expanding again in terms of the normal or log-normal asset volatility, we obtain
an approximation of the capital requirement (value-at-risk and expected shortfall based) up to forth
order in the asset volatility (refer to Theorem 14 and Corrolary 17), which also results in an expansion
of the optimal asset allocation. The approach generalizes easily to the multivariate case where several
assets and non-hedgeable claim sizes are involved; the second order expansion of the capital require-
ments in terms of asset volatility is presented in Theorem 8 (value-at-risk) and Corollary 10 (expected
shortfall). We show that the sum of the optimal investment amounts is given by the optimal amount
in the associated univariate case; futher, the allocation of the total optimal investment amount into
the single asset dimensions follows the covariance principle as long as the non-hedgeable claim sizes
are multi-variate Gaussian (refer to Theorems 11 and 12). Numerical studies show that the derived
expansions are stable even for large log-normal asset volatility levels.
To determine the asset allocation that minimizes capital requirements in a rather generic and
model independent way is important for its own sake. This objective is even more relevant for the
modularization of capital requirements into a capital market and a non-hedgeable risk component.
This has become market standard since deriving capital requirements via a joint stochastic modeling of
all (hedgeable and non-hedgeable) risk factors turned out to be too complex. The financial benchmark
(Economic Neutral Position) against which the actual investment portfolio is measured to obtain the
capital market risk component must obviously coincide with the risk minimal asset allocation. Our
results show that the Economic Neutral Position replicates the financial risk factors of the liabilities
on the basis of the expected claim size plus some safety margin. Solvency II, the new capital regime
for European insurers, does not recognize this safety margin in the modularized Standard Formula
approach, which can result in significant distortions of the total risk compared with the (correct)
fully stochastic approach, refer to [4] for details. The results of this paper provide a simple and
stable approximation of the required safety margin in the Economic Neutral Position, such that
the modularized capital requirement approach keeps its easy-to-implement property; e.g. for non-
hedgeable risks with normal tails the safety margin amounts to 85% of the insurance risk component
in the Solvency II context.
2 Setup and Preliminary Results
Consider a financial undertaking whose capital requirement is determined by applying a risk measure
ρ on its surplus S in one year. The value of the liabilities at year one shall factorize in the form∑n
i=1Xi ·Li, where the real-valued random variables Xi and Li denote the value of a i-the tradeable
asset and the claim size associated to this asset, respectively. These variables live on a probability
space with measure P together with a risk free numeraire investment (money market account). The
Xi are assumed strictly positive and independent of Lj , i, j = 1, . . . , n. All financial quantities are
expressed in units of the numeraire.
The financial undertaking can invest its assets with initial value A0 ≥ 0 into the tradeable assets
Xi with initial value xi or into the numeraire. We assume that additional information concerning
the claim sizes becomes known only at year one, i.e. there is no continuous increase in information
concerning the state of Li during the year. Hence there is no need to adjust the holdings in Xi
dynamically within the year. We denote by φi ≥ 0 the number of units the financial undertaking
invests statically into the asset Xi as of today; the remaining asset value A0−
∑n
i=1 φi · xi is invested
into the numeraire.
We denote in the sequel column vectors and matrices in bold face, e.g. φ is the column vector
(φ1, . . . , φn)
′, where the prime superscript denotes the transposed vector or matrix, respectively. By
〈·, ·〉 we denote the scalar product. The value of the surplus at year one is a function of the asset
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allocation φ and reads expressed in units of the numeraire
S(φ) :=
n∑
i=1
φi ·Xi +A0 −
n∑
i=1
φi · xi −
n∑
i=1
Xi · Li = 〈X− x,φ〉+A0 − 〈X,L〉 . (1)
We analyze the risk measures value-at-risk VaRα and expected shortfall ESα at tolerance level 1−α
for some small α > 0. Typically α = 0.01 for banks and = 0.005 for European insurance companies.
Refer to [5] for details of the definition of VaRα and ESα. We use the notation ρ if the expression is
valid for both analyzed risk measures ρ ∈ {VaRα,ESα}.
We aim to find the optimal holdings φ∗ in the tradeable assets that minimize the risk of the
surplus, i.e.
ρ[S(φ∗)] = minφ∈Rn+ ρ[S(φ)] .
Note that we do not allow for leverage, i.e. φi < 0 is forbidden. We assume the following technical
conditions:
Xi, X
−1
i , Li, and 〈X,L〉 are integrabel for every i = 1, . . . , n, (2)
L has a bounded and strictly positiv n-dimensional density fL . (3)
To simplify the minimization of ρ[S(φ)] we assume without loss of generality
E[X] = x = 1 , E[L] = 0 , A0 = 0 , (4)
where 1 and 0 denote the column vector with all entries equal to one and zero, respectively. The first
assumption means in particular that X is fairly priced. Further these assumptions imply that S(φ)
has zero mean and hence reads
S(φ) = 〈X− 1,φ〉 − 〈X,L〉 . (5)
We can justify these simplifying assumptions by making use of the positive homogeneity and cash
invariance property of ρ. If X has non-zero excess return, i.e. E[X] 6= x, then the additional linear
term “φ times excess return” arises, which enters the minimization of the risk of the surplus with
respect to φ in a straight forward way. The detailed justification of the simplifying assumption is
transferred to the appendix.
The following lemma shows that the α-quantile of the surplus S(φ) is well defined and states further
preliminary results. We denote by 11A the indicator function of some set A; further FY , F¯Y = 1−FY ,
and F−1Y denotes the cumulative distribution function, the tail function, and the quantile function of
some scalar random variable Y , respectively.
Lemma 1. Assume (2) and (3). Then for every φ ∈ Rn+ and α ∈ (0, 1)
a) P(S(φ) ≤ z) = α has a unique solution z = zφ,α, i.e. the α-quantile of S(φ) is well defined.
b) VaRα[S(φ)] = −zφ,α and ESα[S(φ)] = −α−1 · E[S(φ) · 11S(φ)≤zφ,α ].
c) φ 7→ ρ[S(φ)] is differentiable for both risk measures ρ ∈ {VaRα,ESα}.
d) φ 7→ ESα[S(φ)] is convex.
We denote the quantile of S(φ) by zφ omitting the subscript α when there is no confusion about
the risk tolerance. Part (a) and (c) result basically from the implicit function theorem applied to
(z,φ) 7→ FS(φ)(z); (b) is a consequence of the continuous distribution of S(φ), and (d) follows from
the convexity of the expected shortfall. The details of the proofs are transferred to the appendix.
Remark 2. a) If L has atoms, i.e. does not admit a density, then the function φ 7→ VaRα[S(φ)]
might not be continuous but can have kinks at the singular values of L.
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b) Assumption (3) can be relaxed; it suffices to assume that L admits a strictly positive density in
some open set around {` ∈ Rn : 〈1, `〉 = F−1〈1,L〉(1− α)}.
We introduce some further notation: for two scalar functions a(t) and b(t) we denote a(t) ∼ b(t) or
a(t) = o
(
b(t)
)
as t→ t0, if lim supt→t0 |a(t)/b(t)| <∞ or limt→t0 a(t)/b(t) = 0, respectively. Recalling
the well-known link between expected shortfall and value-at-risk ESα[·] = α−1
∫ α
0 VaRβ[·] dβ, we
present a result concerning the integration with respect to the confidence level.
Lemma 3. Consider a real-valued random variable with strictly positive density f which enables a
continuous quantile function F−1. Further consider a differentiable function G : R→ R with G(x)→ 0
as x→∞. Then for every α ∈ (0, 1)∫ α
0
G′ ◦ F−1(1− β)
f ◦ F−1(1− β) dβ = −G ◦ F
−1(1− α) .
This results follows directly from the change of variable β → y := F−1(1 − β), which implies
dβ = −f(y)dy.
3 Particular Value of φ (one-dimensional case)
The results of this section only hold in the one-dimensional case, i.e. if n = 1. We abandon in the
sequel the subscript i equal to one and refrain from matrix notation. We identify a particular initial
investment amount φ into the tradeable asset X such that ρ[S(φ)] becomes fairly independent of the
distribution of X.
To separate the distribution of the tradeable asset X from the claim size L, we analyze the event
{S(φ) ≤ −φ} for any φ ≥ 0 and derive the following equivalent events:
{S(φ) ≤ −φ} = {φ·(X − 1)−X ·L ≤ −φ} = {X ·(φ− L) ≤ 0} = {φ− L ≤ 0} = {L ≥ φ} , (6)
where the last but one equality follows from the strict positivity of X. Hence we derive that
P (S(φ) ≤ −φ) = 1 − FL(φ). As we are interested in the α-quantile of S(φ), we need to choose
φ = q := F−1L (1 − α), which is well defined due to assumption (3). This implies zq = −q or, equiva-
lently, VaRα [S(q)] = q.
Also for the expected shortfall, φ = q is a special case: since {S(q) ≤ zq} = {L ≥ q}, which follows
directly from (6), we conclude
−α · ESα[S(q)] = E[S(q) · 11S(q)≤zq ] = E
[(
q · (X − 1)−X · L) · 11L≥q] (7)
= q · E[X − 1] · P(L ≥ q)− E[X] · E[L · 11L≥q]
= E[−L · 11−L≤−q=F−1−L(α)] = −α · ESα[−L] ,
where the third equality follows from the independence of X and L and the forth equality from the
unit mean of X.
Also the first derivative of the function φ 7→ ρ[S(φ)] shows special properties at φ = q. We sum-
marize the findings in the following theorem together with all other results concerning the particular
value for φ.
Theorem 4. Assume (2) and (3). If q := F−1L (1− α) = VaRα[−L] units are initially invested in X,
i.e. if φ = q, then
a) ρ[S(q)] = ρ[−L] for ρ ∈ {VaRα,ESα}.
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b) the differential of the risk of the surplus with respect to φ evaluated at φ = q reads
(
∂φ ρ[S(φ)]
)
|φ=q =
{
(−1) ·
(
E[X−1]−1 − 1
)
≥ 0 if ρ = VaRα , (“4 times -1” formula)
0 if ρ = ESα .
and the above inequality becomes strict if X is not constant.
c) the function φ 7→ ESα[S(φ)] attains its global minimum value ESα[−L] at φ∗ = q. (φ∗ is not
necessarily unique.)
Part (a) has already been shown above, the proof of (b) is transferred to the appendix, and (c)
follows from (b) using the differentiability and convexity of φ 7→ ESα[S(φ)], see Lemma 1.
Remark 5. a) The results of the theorem are model independent, i.e. hold for any distribution of
X and L.
b) ρ[−L] is the risk of the surplus if the volatility of X collapse to zero and X becomes constant
(with value one).
c) The initial amount φ∗ invested in X that minimizes the risk ρ[S(φ)] is less than ρ[−L] for
both risk measures ρ ∈ {VaRα,ESα}. For VaRα this follows from part (b) of the theorem,
for ESα the minimum is attained at φ
∗ = VaRα[−L] < ESα[−L]. This phenomenon is due to
the diversification between X and L. The probability of a synchronous realization of X and L
beyond their respective (1−α)-quantiles amounts to α2  α. Hence it makes sense to immunize
against shocks in X based on a claim size notional below ρ[−L].
d) The theorem cannot be generalized easily to the multi-dimensional case, since the separation of
claims sizes from the tradeable assets in the expression of the surplus does not work any more
as in the univariate case: analog to (6) we derive {S(φ) ≤ −〈1,φ〉} = {〈X,φ−L〉 ≤ 0}, i.e. we
get rid of the constant term but due to the scalar product structure the positivity of X is not
sufficient to cancel X out.
4 Expansion Results
Gram-Charlier-like expansion
The classical Cornish-Fisher method [2] yields an expansion of the quantile of the surplus based on
its moments. These can be easily computed from (5) in terms of the moments of L and X using their
independence.
Figure 1 compares the forth order Cornish-Fisher expansion with the true value-at-risk profile
of the surplus as a function of the asset allocation φ in the univariate case. This Cornish-Fisher
expansion fails to reproduce the relation VaRα[S(q)] = q of Theorem 4.(a) which holds independently
of the distributions of X and L. The reason is that due to the product structure of the liability the
third and higher moments of S(φ) differ considerably from those of the normal distribution.
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Figure 1: True value and 4th order Cornish-Fisher approximation of the value-at-risk of the surplus as a function of the
units φ of the financial asset X. The risk tolerance is set to 1 − α = 99%, the non-hedgeable component L is normally
distributed with σL = 0.43 such that q =VaRα(-L)=1, and X is log-normally distributed with log-normal volatility σ = 0.25.
We suggest an expansion that preserves the relation of Theorem 4.(a). To this aim we prove
an expansion similar to the Gram-Charlier series [1] for the sum of two not necessarily independent
random variables. This expansion does not use the Gaussian distribution as base function but the
distribution of one of the variables itself.
Proposition 6. Consider two scalar random variables Y0 and Y1 such that Y0 + Y1 has a density
which is differentiable for any order and the differentials are integrable. Then
FY0+Y1(z) = P(Y0 + Y1 ≤ z) =
∞∑
r=0
1
r!
· (−Dz)r E
[
Y r1 · 11Y0≤z
]
.
This theorem is proofed by means of the Fourier transform; the details are transferred to the
appendix.
Remark 7. If Y0 and Y1 are independent, the expansion reads FY0+Y1 =
∑∞
r=0
1
r! ·mr(Y1)·(−Dz)r FY0 ,
where mr(Y1) denotes the r-th moment of Y1. This results is in line with classical Gram-Charlier series
that are based on directly expanding the characteristic function instead of the cumulant generating
function, refer to sec. 12 of [9]
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To apply Proposition 6 to the surplus S(φ) = 〈X − 1,φ〉 − 〈X,L〉 we rewrite it in the form
S(φ) = Y0 + Y1 with a purely non-hedgeable base function Y0 := −〈1,L〉 perturbed by a noise term
Y1 := 〈X− 1,φ−L〉 that depends linearly on the hedgeable asset. An application of the Proposition
6 leads
P(S(φ) ≤ z) = P(− 〈1,L〉 ≤ z)+∑
i≥2
(−1)i
i!
·Diz E
[
〈X− 1,φ− L〉i · 11−〈1,L〉≤z
]
.
The first order term vanishes since the terms involving X and L are independent and X has unit
mean. Noting that 〈X − 1,φ − L〉i = ∑nj1,··· ,ji=1∏ik=1(Xjk − 1) · (φjk − Ljk), we can again use this
independence to integrate the i-th order term with respect to the asset dimension, which yields
P(S(φ) ≤ z) = F¯〈1,L〉(−z) +
∑
i≥2
1
i!
·
n∑
j1,··· ,ji=1
m¯j1,··· ,ji ·DiKj1,··· ,ji(−z) (8)
where Kj1,··· ,ji(y) := EL
[
i∏
k=1
(φjk − Ljk) · 11〈1,L〉>y
]
depends only on the claim size and m¯j1,··· ,ji := EX[
∏i
k=1(Xjk−1)] represents the i-th multidimensional
central moment of the tradeable assets; further F¯〈1,L〉 is the tail function of the random variable 〈1,L〉.
Note that the (−1)i terms have vanished since the terms 11−〈1,L〉≤z are now referenced in the function
Kj1,··· ,ji by the expression (11〈1,L〉≥y)|y=−z and i-times differentiation reproduces these (−1)i terms.
Second order expansion - multivariate case
We have derived an expansion of the cumulative distribution of the surplus S(φ) in terms of the
(multi-dimensional) moments of the tradeable assets X. But what we need is an expansion of the
α-quantile z = z(φ) of S(φ). There are in principle two approaches to obtain this in a way that is
consistent with the above expansion: expanding z in terms of the
i) normal volatility σN := maxiVar[Xi]1/2 of the tradeable assets, or
ii) log-normal volatility σlN := maxiVar[logXi]1/2 of the tradeable assets.
The expansion of the α-quantile in σ ∈ {σN , σlN} in the form z = z(φ, σ) =
∑∞
i=0 zi(φ, σ) must
satisfies by construction zi(φ, ·) ∼ σi as σ → 0 for every i ∈ N0. When we insert the α-quantile
z(φ) into equation (8), the left hand side equals α by definition of the quantile. We then expand all
σ-dependent terms of the right hand side of (8) in orders of σi. Note that only the moments of X
in the expansion (8) depend directly on σ; all other terms depend only via the quantile z on σ. This
enables us to evaluate sequentially the terms zi in increasing order of σ
i.
Before we start the evaluation of the zi terms, we define some useful functionals:
K(y) := EL
[
L · 11〈1,L〉>y
]
, K[Z](y) := EL
[
〈Z,Σ · Z〉 · 11〈1,L〉>y
]
, (9)
for any Rn-valued random variable Z, where Σ denotes the covariance matrix of the tradeable assets
X. This allows us to rewrite the second order term in the expansion (8) as 12 · K[φ − L]′′(−z).
Note that Σ is of second order in the normal as well as log-normal volatility of X, i.e. Σ ∼ σ2 with
σ ∈ {σN , σlN} as σ → 0. Further, the expansion in σ of the first term (8) reads
F¯〈1,L〉(−z) = F¯〈1,L〉(−z0)− f〈1,L〉(−z0) · (−z1 − z2 − . . . )− 12f ′〈1,L〉(−z0) · (−z1 − . . . )2 + . . . . (10)
We start to evaluate the zero and first order terms z0 and z1 of the quantile expansion. Having
(10) in mind, relation (8) reads for the α-quantile in first order approximation
α = F¯〈1,L〉(−z0 − z1) + o(σ1) = F¯〈1,L〉(−z0)− f〈1,L〉(−z0) · (−z1) + o(σ1) .
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Collecting the zero order terms we obtain 1− α = F〈1,L〉(−z0). Denoting again q := F−1〈1,L〉(1− α) we
deduce that −z0 = q. Collecting the first order terms we obtain 0 = f〈1,L〉(q) · z1. From the positivity
of the density f〈1,L〉 we conclude that z1 ≡ 0.
To evaluate the second order term z2 we collect in the relation (8) combined with the expansion
(10) all terms ∼ σ2 as σ → 0 and obtain
0 = −f〈1,L〉(−z0) · (−z2) + 12 ·K[φ− L]′′(−z0) + o(σ2) . (11)
The following theorem reformulates this second order expansion result for the value-at-risk of S(φ)
and derives the risk minimizing asset allocation.
Theorem 8. a) Let σ ∈ {σN , σlN} be the normal or log-normal volatility of the financial asset X
and denote q := VaRα[−〈1,L〉] = F−1〈1,L〉(1 − α). The expansion of VaRα[S(φ)] up to second
order in σ as σ → 0 is given by
VaRα[S(φ)] = q +
1
2 · f〈1,L〉(q)−1 ·K[φ− L]′′(q) + o(σ2)
= q − 12f〈1,L〉(q) ·
{
〈φ,Σφ〉·f ′〈1,L〉(q) + 2〈Σφ,K′′(q)〉 −K[L]′′(q)
}
+ o(σ2) .
b) If f ′〈1,L〉(q) 6= 0 and Σ is invertible, the minimum of the second order expansion of VaRα[S(φ)]
is attained at φ∗ = −f ′〈1,L〉(q)−1 ·K′′(q).
Proof: part a) follows from solving (11) for z2 and expressing K[φ−L] via the K-terms defined in (9).
Differentiating the second equation of part a) with respect to φ, setting it to zero, and multiplying
from the left by f〈1,L〉(q) ·Σ−1 proves part (b). 
Remark 9. The investment amount φ∗ in the tradeable assets that minimizes the second order
expansion of VaRα[S(φ)] in terms of small asset volatility is completely independent of the asset
distribution.
We now turn to the expected shortfall of the surplus which can be characterized in terms of the
value-at risk by ESα[S(φ)] = α
−1 ∫ α
0 VaRβ[S(φ)] dβ. Its expansion is an immediate consequence of
Lemma 3 when setting G := K[φ−L]′.
Corollary 10. a) The expansion of ESα[S(φ)] up to second order in σ ∈ {σN , σlN} as σ → 0 is
given by
ESα[S(φ)] = ESα[−〈1,L〉]− 12α ·K[φ− L]′(q) + o(σ2)
= ESα[−〈1,L〉] + 12α
{
〈φ,Σφ〉·f〈1,L〉(q) + 2〈Σφ,K′(q)〉 −K[L]′(q)
}
+ o(σ2) .
b) If Σ is invertible, the minimum of the second order expansion of ESα[S(φ)] is attained at
φ∗ = −f〈1,L〉(q)−1 ·K′(q).
We analyze the total optimal investment amount Φ∗ :=
∑
i φ
∗
i = 〈1,φ∗〉 in all tradeable assets,
i.e. the sum of the optimal investment amounts φ∗i in the tradeable assets Xi that minimize the second
order expansion of ρ[S(φ)]. We establish a link to the associated single-asset case that is characterized
as follows: there is only one tradeable asset X0, i.e. Xi = X0 for every i = 1, . . . , n, and the surplus
reads S0(φ0) = φ0 · (X0 − 1) − X0 · 〈1,L〉, where φ0 > 0 is the investment amount into this single
asset. We denote by φ∗0 the optimal investment amount that minimizes the second order expansion
of ρ[S0(φ0)] in the single asset case.
Theorem 11. In second order approximation of ρ[S(φ)] according to Theorem 8 the total optimal
investment amount Φ∗ satisfies:
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a) Φ∗ = q + f〈1,L〉(q)/f ′〈1,L〉(q) if ρ = VaRα, and Φ
∗ = q if ρ = ESα.
b) Φ∗ = φ∗0 for ρ ∈ {VaRα,ESα}, i.e. the total optimal investment amount coincides with the
optimal investment amount in the associated single-asset case.
Proof: we denote by K〈1,L〉(z) := E[〈1,L〉 ·11〈1,L〉>z] =
∫∞
q t ·f〈1,L〉(t) dt. Observe that Φ∗ = 〈1,φ∗〉 =
−K ′′〈1,L〉(q)/f ′〈1,L〉(q) if ρ = VaRα by Theorem 8 and = −K ′〈1,L〉(q)/f〈1,L〉(q) if ρ = ESα by Corollary
10. Further note that K ′〈1,L〉(q) = −q · f〈1,L〉(q) and K ′′〈1,L〉(q) = −q · f ′〈1,L〉(q) − f〈1,L〉, which proves
part a). As a) also holds in the one-dimensional case, part b) follows by inspection of the formula in
a) in the one-dimensional associated single-asset case. 
Hence φ∗ can be interpreted as an allocation of φ∗0 in the sense that
∑
i φ
∗
i = φ
∗
0. We investigate
the impact of the claim size distribution on this allocation: if a particular claim size Li is more volatile
and only weakly correlated to the other claim sizes Lj , j 6= i, then a material amount in the asset Xi
should show up in the risk-minimal asset allocation φ∗. If the claim sizes are multivariate normally
distributed we obtain the following result, the proof of which is transferred to the appendix.
Theorem 12. Assume that the claim sizes L ∼ N (0,ΣL) follow a multivariate normal distribution
with covariance matrix ΣL. Then for ρ ∈ {VaRα,ESα} the investments φ∗i in the tradeable assets Xi
that minimize ρ[S(φ)] expanded up to second order in the asset volatility σ ∈ {σN , σlN} as σ → 0
follow the covariance allocation principle with respect to L, i.e.
φ∗i =
ΣLii +
∑
j 6=i Σ
L
ij
〈1,ΣL1〉 · φ
∗
0 (i = 1, . . . , n) ,
where φ∗0 is the risk-minimal investment in the associated single-asset case according to Theorem 11
and 〈1,ΣL1〉 is the total variance of ∑i Li.
Theorem 8 and Corollary 10 describe the expansion results in terms of derivatives of the K-terms
defined in (9). In order to calculate these terms explicitly a rotation in the state space of L proofs
useful: let D ∈ SO(n) be a rotation matrix in the n-dimensional special orthogonal group2, such that
the first column of D is parallel to the 1 vector. The rotation matrix can be written D =
(
n−1/21
∣∣1⊥),
where 1⊥ is a n × (n−1) matrix of orthogonal coordinates that span the hyperplane orthogonal to
the vector 1. In two and three dimensions the rotation matrix D reads
D(n=2) =
1√
2
·
(
1 −1
1 1
)
, D(n=3) =
1√
6
·

√
2 1 −√3√
2 1
√
3√
2 −2 0
 .
Rewriting K(y) =
∫
{`∈Rn:〈1,`〉>y} ` · fL(`) d` we apply the change in variable λ := D′` (implying
` = Dλ), which yields
K(y) =
∫
{λ∈Rn:〈1,Dλ〉>y}
Dλ · fL(Dλ) dλ =
∫
Rn−1
∫ ∞
y/
√
n
( λ1√
n
· 1 + 1⊥λ¯
)
· g(λ1, λ¯) dλ1 dλ¯ , (12)
where g(λ) := fL(Dλ) denotes the rotated density. The last equation follows from the observation
that 〈1,Dλ〉 = 〈1, n−1/2 · λ1 · 1 + 1⊥ · λ¯〉 =
√
n · λ1. A similar expression can be derived for K[L](y).
The following result reformulates the derivatives of the K-terms accordingly.
Theorem 13. Defining the expressions
h(y) := 1√
n
∫
Rn−1
λ¯ · g( y√
n
, λ¯
)
dλ¯ , h2(y) :=
1√
n
∫
Rn−1
〈λ¯,1⊥′Σ1⊥λ¯〉 · g( y√
n
, λ¯
)
dλ¯ ,
the first and second derivative of the K-terms defined in (9) reads
2i.e. D has unit determinate and pairwise orthogonal columns with unit l2-norm
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a) K′(y) = − yn · f〈1,L〉(y) · 1− 1⊥ · h(y),
b) K[L]′(y) = − y2
n2
· 〈1,Σ1〉 · f〈1,L〉(y)− 2yn · 〈1⊥
′
Σ1,h(y)〉 − h2(y),
c) K′′(y) = − 1n ·
(
f〈1,L〉(y) + y · f ′〈1,L〉(y)
) · 1− 1⊥ · h′(y),
d) K[L]′′(y) = − y
n2
· 〈1,Σ1〉 · (2f〈1,L〉(y) + yf ′〈1,L〉(y))− 2n · 〈1⊥′Σ1,h(y) + yh′(y)〉 − h′2(y).
Proof: the relation 1√
n
∫
Rn−1 g
( y√
n
, λ¯
)
dλ¯ = Dy
∫
{`∈Rn:〈1,`〉>y} d` = −f〈1,`〉(y) is derived analog to (12).
Part a) follows from differentiating (12) and applying this relation. Part b) follows analog to a); c)
and d) is obtained by differentiating a) and b) again. 
Higher order expansion - univariate case
We now turn to derive the higher order terms, which is in principle a straight forward procedure
and requires similar evaluations as in the derivation of (11) for the second order case. For the multi-
dimensional setting however, the tensor structure of the higher order multidimensional moments of X
appearing in (8) makes the process quite tedious. We demonstrate the derivation of the higher order
terms for the one-dimensional case. The expansion (8) of the cumulative distribution of the surplus
then reads
P(S(φ) ≤ z) = F¯L(−z) +
∑
i≥2
m¯i
i!
·DiKi(−z) , where Ki(y) :=
∫ ∞
y
(φ− `)i · fL(`) d` , (13)
and m¯i denotes the i-th central moment of the tradeable asset X.
The third and higher order terms differ when expanding with respect to the normal or the log-
normal asset volatility. We construct a version of the tradeable asset X indexed by their (log-)normal
volatility and introduce the family of tradeable assets (Xσ)σ≥0 as follows: We set XσN := 1 +σNY in
the normal case and XσlN := e
σlNY /M(σlN ) in the log-normal case, where Y denotes the centered and
normalized version of X or lnX, respectively,3 and M(σ) := E[eσY ] is the moment generating function
of Y . Note that the standard deviation of XσN or lnXσlN equals σN or σlN , respectively. Further Xσ∗
coincides with the original tradeable asset X if σ∗ =
√
Var[X] in the normal and =
√
Var[lnX] in the
log-normal case. Moreover, XσN and lnXσlN keep the unit mean property due to the normalization.
The central moments m¯i = m¯i(σ) := E[(Xσ − 1)i] of Xσ for σ ∈ {σN , σlN} show the following
expansions in terms of the normal and log-normal asset volatility: denote by µi := E[Y i] the i-
th moment of Y , which coincides with the i-th centered and normalized moment of X or lnX,
respectively. In the normal case the expansion of m¯i is trivially given by m¯i = σ
i
N ·µi, whereas in the
log-normal case the expansion of m¯i up to forth order in σlN reads
m¯2 = σ
2
lN + µ3 · σ3lN +
(
7
12µ4 − 54
) · σ4lN + o(σ4lN ) ,
m¯3 = µ3 · σ3lN + 32(µ4 − 1) · σ4lN + o(σ4lN ) , (14)
m¯4 = µ4 · σ4lN + o(σ4lN ) .
We summarize the results for the fourth order expansion of the VaRα[S(φ)] in the following
theorem. The proof is transferred to the appendix together with proof of (15). We denote by id the
identity function.
Theorem 14. Consider the one-dimensional case, i.e. n = 1.
3 normal case: Y = (X − 1)/√Var[X], log-normal case: Y = (ln(Y )− E[lnY ])/√Var[lnX].
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a) The expansion of VaRα[S(φ)] in the log-normal volatility σlN of the financial asset X up to
fourth order as σlN → 0 is given by
VaRα[S(φ)] = q − 1
fL(q)
·
{
σ2lN
2
· [(φ− id)2fL]′(q) + σ3lNµ3
6
· [(φ− id)3f ′L]′(q)
+
σ4lN
24
·
[
µ4 ·
[
(φ− id)4f ′L
]′ − 3 · ((φ− id)2fL)′ 2
fL
+ (2µ4 − 6) · (φ− id)3f ′L
+ (µ4 + 3) · (φ− id)2fL
]′
(q)
}
+ o(σ4lN ) ,
where µ3 and µ4 denote the third and forth centered normalized moments of lnX, respectively.
b) If µ3 · f ′′L(q) 6= 0, the expansion of VaRα[S(φ)] in (a) up to third order attains its local minimum
at
φ∗ = q + f ′′L(q)
−1 ·
(
(1− δ) · f ′L(q)−
√
(1− δ)2 · f ′L(q)2 + 2 · δ · f ′′L(q) · fL(q)
)
, δ := 1σ·µ3 .
If µ3 · f ′′L(q) = 0 but f ′L(q) 6= 0, the minimum is attained at φ∗ = q + fL(q)/f ′L(q).
Remark 15. a) The expansion of VaRα[S(φ)] only involves local properties of L around its (1−α)-
quantile, i.e. (higher order) derivatives of fL at q.
b) If the skew of ln(X) vanishes and L is normally distributed with volatility σL, then q = σL ·u1−α
where u1−α denotes the (1−α)-quantile of the standard normal distribution. Hence f ′L(q)/fL(q) =
−q/σ2L = −u1−α/σL. Part (b) of the theorem implies that φ∗/q = 1− u−21−α, which amounts to
0.815 or 0.849 for the risk tolerance 1−α = 0.99 (Basel II) or = 0.995 (Solvency II), respectively.
This means that the total Solvency II capital requirement of an insurance undertaking (when
evaluated via a fully stochastic model) is minimized, if in addition to the expected claim size
also 84.9% of the non-hedgeable risk component, i.e. the 99.5%-quantile of the centered claim
size L, is initially invested in X.
c) The presence of a negative log-normal asset skew (the usual case in practical applications) shifts
the optimal asset allocation φ∗ nearer to the 1−α quantile q of L, refer to Figure 4. The reason
is that the diversification effect that reduces the risk minimal asset allocation φ∗ to a value lower
than q, refer to Remark 5(c), is less pronounced if lnX is negatively skewed. Vice versa for a
positive log-normal skew of X.
Repeating the proof of the expansion in the above theorem using the normal instead of the log-
normal asset volatility gives the following results.
Corollary 16. In the one-dimensional case, the expansion of VaRα[S(φ)] in the normal asset volatility
σN up to forth order as σN → 0 is given by
VaRα[S(φ)] = q − 1
fL(q)
·
{
σ2N
2
· [(φ− id)2fL]′(q) + σ3Nµ3
6
· [(φ− id)3fL]′′(q)
+
σ4N
24
·
[
µ4 ·
(
(φ− id)4fL
)′′ − 3 · ((φ− id)2fL)′ 2
fL
]′
(q)
}
+ o(σ4N ) .
The corresponding result for the expected shortfall is again a direct consequence of Lemma 3.
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Corollary 17. In the one-dimensional case, the expansion of ESα[S(φ)] in the asset volatility σ ∈
{σN , σlN} up to forth order as σ → 0 is given by
ESα[S(φ)] = ESα[−L] + σ
2
2α
· (φ− q)2 · fL(q)
+

σ3µ3
6α · (φ− q)3 · f ′L(q) + σ
4
24α ·
[
µ4 ·
[
(φ− id)4f ′L
]′ − 3 · ((φ−id)2fL)′ 2fL
+(2µ4 − 6) · (φ− id)3f ′L + (µ4 + 3) · (φ− id)2fL
]
(q) + o(σ4)
(σ = σlN ) ,
σ3µ3
6α ·
(
(φ− id)3fL
)′
(q) + σ
4
24α ·
[
µ4 ·
(
(φ− id)4fL
)′′
−3 ·
(
(φ−id)2fL
)′ 2
fL
]
(q) + o(σ4)
(σ = σN ) .
Remark 18. In contrast to the value-at-risk case, all expansions of φ→ ESα[S(φ)] up to fourth order
have φ∗ = q as (local) minimum, refer also to Figure 3. This is consistent with Theorem 4 stating
that the risk-minimizing asset allocation equals q independently of the distribution of X and L.
Numerical Analysis
We now compare our perturbation results in the univariate case with numerical analysis. Figure 2
shows the function φ 7→ ρ[S(φ)] for the risk measures ρ ∈ {VaRα,ESα} with the Solvency II risk
tolerance 1−α = 99.5%. The claim size L is normally distributed such that q = 1. Log-normal
volatility and skew of the asset X are calibrated to typical values of a 30 year discount factor. It
can be seen that the analytical expansion results (Theorem 14 and Corollary 17) approximate the
numerical behavior quite well. As predicted the risk minimal investment amount in X is around
φ∗ ≈ 0.85 for ρ = VaRα and φ∗ = 1 for ρ = ESα, respectively.
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Figure 2: Value-at-risk VaRα[S] (left) and expected shortfall ESα[S] (right) as a function of the units φ of the financial asset
X. The risk tolerance is set to 1−α = 99.5%, the non-hedgeable component L is normally distributed with σL = 0.388 such
that q =VaRα(-L)=1, and log(X) is log-normally distributed such that X has log-normal volatility σ = 0.2 and log-normal
skew µ3 = −0.3.
Figure 3 displays the same situation as Figure 2, but with a much more volatile asset (comparable
to an emerging market single stock). For both risk measures the third and fourth order expansions
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based on normal asset volatility are less accurate than the expansions based on log-normal asset
volatility. In the value-at-risk case the second order approximation still fits the overall shape quite
well, whereas the third and fourth order expansion are more accurate for investment amounts φ not
too far from q; the optimal investment φ∗ ≈ 0.9 is higher than in the second order approximation
due to the massive negative asset skew; in this setting φ∗ is very close to the optimal investment in
the third order approximation, whereas the fourth order correction of the optimal investment does
not add precision if φ is away from q. In the expected shortfall case, the third order (log-normal
volatility based) approximation produces the best fit for the risk profile, whereas the fourth-order
approximation adds only little additional accuracy for φ not too far from q. These observations are
consistent with the fact that the Gram-Charlier series are known to converge slowly, see e.g. [11].
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Figure 3: Same setting as in Figure 2 but much more volatile asset: log-normal volatility of log(X) amounts to σ = 0.5
which implies a log-normal skew µ3 = −1.75.
Next we analyze for the risk measure VaRα the location of the risk minimal investment amount φ
∗
in more detail, which depends on the characteristics of the hedgeable risk factor X. Figure 4 shows
the dependence of φ∗ on the log-normal volatility σ for various log-normal skew values µ3.
0 0.2 0.4 0.6 0.8
σ
0.85
0.86
0.87
0.88
0.89
φ
*
Skew = 0%
numerical
3rd order
2nd order
0 0.2 0.4 0.6 0.8
σ
0.85
0.86
0.87
0.88
0.89
Skew = -30%
numerical
3rd order
2nd order
0 0.2 0.4 0.6 0.8
σ
0.85
0.86
0.87
0.88
0.89
Skew = -100%
numerical
3rd order
2nd order
Figure 4: Optimal investment amount φ∗ minimizing the value-at-risk VaRα[S(φ)] as a function of the log-normal volatility
σ of the financial asset X for various log-normal skews µ3. Refer to the description of Figure 2 for further calibration details.
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In case of zero skew the third order expansion term vanishes. Higher order terms lead only to
very small corrections to our theoretical prediction of φ∗ ≈ 0.85. For realistic skew values of around
µ3 = −0.3 the third order expansion is a good approximation up to σ = 0.5. In case of very high skew
µ3 = −1.0 the approximation is only good up to σ = 0.3. To sum up, for realistic parametrizations
of the hedgeable risk factor X our perturbation results up to third order reflect the behavior of the
risk minimal investment amount φ∗ very well.
5 Application to Solvency II Market Risk Measurement
In general, there are two ways of how to set up an internal model for calculating the Solvency Capital
Requirement (SCR) under Solvency II: The integrated risk model calculates the surplus (= excess
assets over liabilities) distribution of the economic balance sheet, by simulating simultaneously the
stochastics of all risk drivers (hedgeable and non-hedgeable). Although it is the more adequate
approach, it is rarely used in practice both for operational and steering reasons. Market standard is
a modular approach similar to the one used in the Solvency II standard formula. In the modular risk
model the profit and loss distribution for each risk category is computed in a separate module and
the different risk modules are subsequently aggregated to the total SCR of the company. For risk
categories which affect only one side of the economic balance sheet this approach works fine. The
market risk module is more problematic, because risk drivers like FX or interest rates affect both
sides of the balance sheet. Therefore so-called replicating portfolios are introduced, which translate
the capital market sensitivities of the liability side into a portfolio of financial instruments (e.g. zero
coupon bonds). The key question is, how the notional value of the liabilities should be chosen for
the replicating portfolio? Market standard is to take the best-estimate value, which implies that the
capital backing the surplus is attributed to the risk-free investment, e.g. EUR cash. We will show
that this can lead to significant distortions of the measured market risk SCR as compared to an
integrated risk model. To avoid this we have introduced at Munich Re the concept of the Economic
Neutral Position (ENP) which is defined as (virtual) asset portfolio, which minimizes the total SCR
of the integrated model. The ENP is the risk-neutral reference point for Solvency II market risk
measurement in Munich Re’s certified internal model.4 Figure 5 illustrates how the ENP is embedded
in the modular structure of the internal risk model.
For liabilities exhibiting the product structure
∑
i Li ·Xi defined in section 2, the ENP corresponds
exactly to the solution of the optimization problem addressed in this paper. The value of the assets
(represented by zero coupon bonds) backing the claim sizes in the ENP equals the best estimate value
of
∑
i Li · Xi plus a safety margin corresponding to the risk minimal investment amount φ∗. If the
Li are normally distributed then the total safety margin equals 85% of the total insurance risk SCR
(fully diversified within all non-hedgeable risks). This component is allocated to the single assets Xi
(e.g. the different maturities of the zero bonds) according to the covariance principle.
Let us now analyze the total SCR of a modular risk model, which uses the ENP as risk-neutral
reference portfolio for market risk measurement, and compare it with the outcome of an integrated
risk model. We assume that the surplus is of the form (5). The non-hedgeable SCRL
5 is measured in
the insurance risk module and can be set to one without loss of generality. The market risk SCRM is
measured by the VaR99.5% of the mismatch portfolio of assets minus ENP, i.e. S(φ) = (φ−φ∗)·X−φ,
and is a function of the units φ of the financial asset X. For the sake of simplicity the total SCRT
is calculated by aggregating SCRL and SCRM based on the square root formula, which is also used
in the Solvency II standard formula (remember that L and X are assumed to be independent):
4Except for with-profit life insurance business which exhibits significant interaction between the asset and the liability
side of the insurer’s balance sheet.
5defined as the VaR99.5% of the surplus if all capital market factors are fixed at their current value and only the insurance
risk factors vary
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Figure 5: Illustration of the concept of the Economic Neutral Position (ENP) via the link between integrated and modular
risk model. Market risk is measured on the mismatch portfolio of assets minus ENP.
SCRT =
√
SCR2L + SCR
2
M . This aggregation method is only valid for a sum of normally distributed
stochastic variables. Therefore we assume that both risk drivers L and X follow a normal distribution,
i.e. we violate here the positivity assumption on X for technical reasons. Otherwise the aggregation
method needs to be adjusted accordingly.
Figure 6 compares the total SCRT of the modular risk model with the total SCR of the integrated
model, which is simply the value-at-risk of S(φ) at risk tolerance 1−α = 99.5% with joint stochastics
of all risk drivers.
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Figure 6: Total SCRT as a function of the units φ of the financial asset X for an integrated risk model (red solid) in
comparison with a modular risk model, where the market risk is measured either vs. ENP (blue dashed-dotted) or vs. RP
(black dashed). X is assumed to be normally distributed with a volatility of 15%.
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The integrated and the ENP-based modular approach yield in good approximation the same total
SCR, as desired. Only if the asset value φ differs strongly from the risk minimal value φ∗, deviations
between the outcomes of the two models can be observed. This is due to the fact, that the square
root formula used for aggregation only holds for a sum of normally distributed stochastic variables.
Due to the product structure L · X the total distribution of the surplus is in general not normally
distributed (even though both L and X are normally distributed). This effect can be healed to some
extent by refining the aggregation method for the modular model.
For comparison we show in Figure 6 also the industry standard, which measures market risk versus
the replicating portfolio (RP). This corresponds to setting the notional of the liability L equal to its
best-estimate value, which is zero in our example. This can lead to substantial deviations from the true
SCR as measured by the integrated model. Especially if the asset amount is below the expected claim
size – a typical case for life insurers whose asset duration is generally lower than the duration of the
liabilities due to the long-term nature of the business – the modular RP-based approach understates
the “true” risk significantly.
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A Proofs
Justification of the simplifying assumptions (4): E[S(φ)] = 〈E[X]− x,φ〉+A0 − 〈E[X],E[L]〉, hence
S(φ)− E[S(φ)] = 〈X− E[X],φ〉 − (〈X,L〉 − 〈E[X],E[L]〉)
= 〈X− E[X],φ− E[L]〉 − 〈X,L− E[L]〉 = 〈X˜− 1, φ˜〉 − 〈X˜, L˜〉 =: S˜(φ˜) ,
where X˜i := Xi/E[Xi], L˜i := E[Xi] · (Li −E[Li]), and φ˜i := E[Xi] · (φi −E[Li]). If E[X] = x, the cash
invariance property of the risk measure yields ρ[S(φ)] = ρ[S˜(φ˜)] +A0−〈E[X],E[L]〉. If E[X] 6= x, the
additional linear term 〈E[X]− x,φ〉 appears.
Proof of Lemma 1: Set G(φ, z) := P (S(φ) ≤ z) = EX
[∫
{`∈Rn:〈X,`〉≥〈X−1,φ〉−z} fL(`)d`
]
. Chang-
ing to the rotated variable λ = (λ1, λ¯)
′ defined by ` = Dλ as in Theorem 13, which implies
〈X,Dλ〉 = λ1√
n
〈X,1〉 + 〈X,1⊥λ¯〉, we obtain G(φ, z) = EX
[∫
Rn−1 dλ¯
∫∞√
n
〈X,1〉v
dλ1 g(λ1, λ¯)
]
, where
v = v(X, λ¯, z,φ) := 〈X − 1,φ〉 − z − 〈X,1⊥λ¯〉 and g(λ) := fL(Dλ) is the rotated density. The dif-
ferentials Dy of G with y ∈ {z, φ1, . . . , φn} read DyG(φ, z) = −EX
[∫
Rn−1 g(
√
n
〈X,1〉v, λ¯) ·
√
n
〈X,1〉Dyv dλ¯
]
,
where Dyv = −1 if y = z and = Xi− 1 if y = φi. Differentiation and integration can be interchanged
by dominated convergence as the (rotated) density g of L is bounded and 1/〈X,1〉 is integrable by
assumption. Note that the partial derivatives of G are continuous, which implies that the total dif-
ferential of G exists. In particular, z 7→ G(φ, z) is continuous and is an increasing function with
G(φ,R) = [0, 1]. Hence for every φ ∈ Rn+ and α ∈ [0, 1] there exists a unique zφ,α ∈ R such that
P(S(φ) ≤ zφ,α) = G(φ, zφ,α) = α, which proves (a). The latter also implies that S(φ) has no atoms,
and hence upper and lower quantile of S(φ) coincide; the representation for the expected shortfalls
follows from Corollary 4.49 of [5], hence (b) is proved.
Ad (c): since G is continuously differentiable and DzG > 0 by the strict positivity of the density of L,
the implicit function theorem implies that φ 7→ zφ,α is differentiable. For the expected shortfall the dif-
ferentiability with respect to φi follows from the representation ESα[S(φ)] = α
−1 · ∫ α0 VaRβ[S(φ)] dβ,
since the differential ∂φi and the integral
∫ α
0 can be interchanged. This proofs (c)
Ad (d): for φ1,φ2 ∈ Rn+ and λ ∈ [0, 1],
S
(
λ · φ1 + (1− λ) · φ2
)
= 〈X− 1, λ · φ1 + (1− λ) · φ2〉 − 〈X,L〉
= λ · [〈X− 1,φ1〉 − 〈X,L〉] + (1− λ) · [〈X− 1,φ2〉 − 〈X,L〉] = λ · S(φ1) + (1− λ) · S(φ2) .
Hence the assertion follows from the convexity of the expected shortfall.
Proof of part (b) of Theorem 4: In the one-dimensional case, the cumulative distribution of the
surplus can be written
FS(φ)(z) = P (φ · (X − 1)−X · L ≤ z) = EX
[
P
(
L ≥ φ− (z + φ)/X ∣∣X)]
= EX
[
F¯L
(
w(φ, z,X)
)]
, w(φ, z,X) := φ− (z + φ)/X , (15)
where the last two equations follow from the strict positivity of X and its independence from L. Since
the quantile zφ is implicitly defined as the z solving α = FS(φ)(z) = EX
[
F¯L
(
w(φ, z,X)
)]
, we can
determine ∂φzφ at φ = q from the implicit function theorem (whose conditions are satisfied as shown
in proof of Lemma 1). We denote by Dφ = ∂φ + (∂φzφ) · ∂z the total differential with respect to φ.
Applying Dφ on the defining equation of zφ yields
0 = Dφ EX
[
F¯L(w(φ, zφ, X))] = −EX
[
fL(w(φ, zφ, X)) · [∂φ + ∂φzφ · ∂z]w(φ, zφ, X)
]
(16)
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Since ∂φw = 1− 1/X and ∂zw = −1/X we deduce
∂φzφ =
EX
[
fL(w) · (1− 1/X)
]
EX
[
fL(w) · (1/X)
] = EX[fL(w)]
EX
[
fL(w) · (1/X)
] − 1 ,
provided the denominator is not zero. Since zq = −q, the term w(q, zq, X) = q − (q + zq)/X = q
becomes constant. Hence also f(w) becomes constant and the expression for ∂φzφ above collapses to
(∂φzφ)|φ=q = E[X
−1]−1 − 1 ≤ 0 , (17)
with < if X is non constant. The latter inequality follows from the strict convexity of the inverse
function and Jensen’s inequality, which implies E[X−1] > E[X]−1 = 1 for non-constantX. Multiplying
(17) with −1 yields the assertion of the theorem for the value-at-risk.
For the expected shortfall, we can show that at φ = q the derivative with respect to φ vanishes:
from the second equation in (15) we find that {S(φ) ≤ zφ} = {L ≥ w(φ, zφ, X)}. Similar to (7) we
calculate
E[S(φ) · 11S(φ)≤zφ ] = EX
[(
φ · (X − 1)−X · L) · 11L≥w(φ,zφ,X)]
= φ · EX
[
(X − 1) · F¯L
(
w(φ, zφ, X)
)]− EX[X · ∫ ∞
w(φ,zφ,X)
l · fL(l) dl
]
.
Differentiation with respect to φ yields
∂φE[S(φ) · 11S(φ)≤zφ ] = EX [(X − 1) · F¯L(w)]− φ · EX [(X − 1) · fL(w) ·Dφw]
+ EX [X · w · fL(w) ·Dφw] .
Recall that at φ = q, the term w(q, zq, X) = q becomes constant. Hence the above expression simplifies
∂φE[S(φ) · 11S(φ)≤zφ ]|φ=q = F¯L(q) · EX [X − 1] + q · fL(q) · EX
[(− (X − 1) +X) ·Dφw]
= q · fL(q) · EX [(Dφw)(q, zq, X)] = 0 ,
where the last equality follows from the unit-mean property of X and from (16) evaluated at φ = q
together with the fact that fL(w) becomes a positive constant.This proves the assertion of the theorem
for the expected shortfall.
Proof of Proposition 6: The characteristic function of Y0 + Y1 can be written as φY0+Y1(t) :=
E[eit(Y0+Y1)] = EY1
[
eitY1 ·φY0|Y1(t)
]
, where φY0|Y1(t) := E[eitY0 |Y1] denotes the conditional characteristic
function of Y0 conditioned on Y1.
We show that φY0+Y1 and φY0|Y1 are integrable: by assumption the differential of any order of
the density fY0+Y1 exists and is integrable. Since fY0+Y1 is continuous and hence locally bounded,
it is also L2-integrable. We deduce from Parceval’s theorem and the differentiation rules for the
Fourier transformation that
∫
R |DkfY0+Y1 |2 dx = 1√2pi
∫
R |tk · φY0+Y1(t)|2 dt for every k ∈ N0. As
any characteristic function is bounded, φY0+Y1 is integrable since the tails are integrable by Cauchy-
Schwartz:
∫∞
T0
|φY0+Y1 | dt ≤ (
∫∞
T0
t−2 dt) · (∫∞T0 t2|φY0+Y1 | dt < ∞, and analogously for the negative
tail. Since FY0+Y1(z) = EY1 [FY0|Y1(z − Y1)], the differentiability- and integrability-assumptions for
FY0+Y1 also hold for the conditional cumulative distribution FY0|Y1 . Repeating the above arguments,
we deduce that φY0|Y1 is also integrable.
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By the inversion formula, the cumulative distribution of Y0 + Y1 can be recovered for z0 < z
FY0+Y1(z)− FY0+Y1(z0) = (2pi)−1
∫
R
e−itz0 − e−itz
it
· φY0+Y1(t) dt
= (2pi)−1
∫
R
e−itz0 − e−itz
it
· EY1
[
eitY1 · φY0|Y1(t)
]
dt
= (2pi)−1EY1
[∫
R
∞∑
r=0
(itY1)
r
r!
· e
−itz0 − e−itz
it
· φY0|Y1(t) dt
]
= (2pi)−1
∞∑
r=0
(−1)r
r!
· EY1
[
Y r1
∫
R
(−it)r · e
−itz0 − e−itz
it
· φY0|Y1(t) dt
]
=
∞∑
r=0
(−1)r
r!
· EY1
[
Y r1 ·
(
DrzFY0|Y1(z)−DrzFY0|Y1(z0)
)]
,
where the third equation follows from Fubini’s theorem (since (t, y1) 7→ φY0|y1(t) is integrable on
the product measure) and from expanding eitY1 ; the fourth equation follows from the fact that the
convergence of the exponential series is uniform on {w ∈ C : <w ≤ 1} and the last equation follows
from the differentiation rules for Fourier transforms. Letting z0 tend to −∞ we obtain
FY0+Y1(z) =
∞∑
r=0
(−1)r
r!
·DrzEY1
[
Y r1 · FY0|Y1(z)
]
=
∞∑
r=0
1
r!
· (−Dz)r EY1
[
Y r1 · E[11Y0≤z|Y1]
]
,
which proves the assertion.
Proof of Theorem 12: We analyze the term Ki(q) = E[Li · 11〈1,L〉>q]. Applying the tower rule
for conditional expectation yields Ki(q) = E
[
E
[
Li|〈1,L〉
] · 11〈1,L〉>q]. Since L ∼ N (0,ΣL), also
(Li, 〈1,L〉) is distributed according to a centered bivariate normal distribution with covariance ma-
trix Γ =
(
ΣLii (Σ
L1)i
(ΣL1)i 〈1,ΣL1〉
)
. From the theory of conditional normal distributions we derive that
E
[
Li|〈1,L〉
]
= (Γ12/Γ22) · 〈1,L〉. Denoting by K0(q) the K-term for the associated single-asset case,
i.e. K0(q) = E[〈1,L〉 · 11〈1,L〉>q], we deduce that Ki(q) = (ΣL1)i ·K0(q) · 〈1,ΣL1〉−1. Differentiating
this relation once or twice with respect to q and dividing it by f〈1,L〉(q) or f ′〈1,L〉(q) yields the assertion
by Corollary 10 or Theorem 8, respectively.
Proof of Equation (15): The non-centered i-th moment of XσlN is given by mi(σlN ) := E[XiσlN ] =
M(iσlN )/M(σlN )
i. The moment generating function of Y has the expansion M(σ) = 1 + µ2σ
2/2 +
µ3σ
3/6 + µ3σ
4/24 + o(σ4) as σ → 0, where µi are the moments of Y . Further (1 + x)−i = 1 − ix +
i(i+ 1)x2/2 + o(x2) as x→ 0. Hence we can write having in mind that µ2 = 1 by construction of Y
mi(σlN ) =
[
1 + (iσlN )
2/2 + µ3(iσlN )
3/6 + µ4(iσlN )
4/24
] ·
·[1− i(σ2lN/2 + µ3σ3lN/6 + µ4σ4lN/24) + i(i+ 1)σ4lN/8]+ o(σ4lN )
= 1 + i(i− 1)σ2lN/2 + µ3i(i2 − 1)σ3lN/6 + i
(
µ4(i
3 − 1)− 6i2 + 3i+ 3)σ4lN/24 + o(σ4lN ) .
The assertion of (15) follows by applying the rule to derive the centered moments m¯i from the non-
centered mi via m¯i =
∑i
k=0
(
i
k
)
(−1)k−imk.
Proof of Theorem 14: Expanding the relation (13) up to fourth order in σ ∈ {σN , σlN} in a similar
way as for the derivation of (11) having relation (10) in mind and omitting the zero and first order
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terms (which add up to zero by construction) yields
0 = −fL(−z0) · (−z2 − z3 − z4)− 1/2 · f ′L(−z0) · z22 + 1/2 · (σ2 + a3σ3 + a4σ4) · [K ′′2 (−z0) +
+K ′′′2 (−z0) · (−z2)] + 1/6 · (σ3µ3 + b4σ4) ·K ′′′3 (−z0) + 1/24 · σ4µ4 ·K ′′′′4 (−z0) + o(σ4) ,
where a3 = µ3, a4 =
(
7
12µ4 − 54
)
and b4 =
3
2(µ4 − 1), i.e. equal to the third and fourth order terms of
the expansion (15). (Note that if σ = σN then a3 = a4 = b4 = 0.) We observe K
′
j = −(φ− id)jfL and
K ′′j = j(φ− id)j−1fL − (φ− id)jf ′L = −jK ′j−1 − (φ− id)jf ′L . (18)
Setting the second order terms in the above equation equal to zero we recover z2 = − σ22fL(q) ·K ′′2 (q) =
σ2
2fL(q)
· ((φ − id)2fL)′, which is the one-dimensional variant of Theorem 8. Setting the third order
terms equal to zero leads z3 = − σ36fL(q) · (3 · a3 ·K ′′2 (q) + µ3 ·K ′′′3 (q)) =
σ3µ3
6fL(q)
· [(φ− id)3f ′L]′(q), where
the second equation follows from (18). Setting the fourth order term equal to zero we obtain
0 = fL(q)z4 + σ
4
[
−f
′
LK
′′2
2
8f2L
+
a4K
′′
2
2
+
K ′′′2 K ′′2
4fL
+
b4K
′′′
3
6
+
µ4K
′′′′
4
24
]
(q) .
Observing that
(
K′′2
2
fL
)′
= −f ′LK′′2
2
f2L
+ 2
K′′2K
′′′
2
fL
we derive
z4 = − σ
4
24fL(q)
·
[
µ4K
′′′
4 + 3
K ′′22
fL
+ 12a4K
′
2 + 4b4K
′′
3
]′
(q)
= − σ
4
24fL(q)
·
[
−µ4[(φ− id)4f ′L]′ + 3
K ′′22
fL
+ (7µ4 − 15)K ′2 + (6µ4 − 4µ4 − 6)K ′′3
]′
(q)
= − σ
4
24fL(q)
·
[
− µ4[(φ− id)4f ′L]′ + 3
K ′′22
fL
+ (7µ4 − 15− 3(2µ4 − 6))K ′2
−(2µ4 − 6)(φ− id)3f ′L
]′
(q)
=
σ4
24fL(q)
·
[
µ4[(φ− id)4f ′L]′ − 3
K ′′22
fL
− (µ4 + 3)K ′2 + (2µ4 − 6)(φ− id)3f ′L
]′
(q) ,
where the second and third equality follow again from (18), which proofs the fourth order expansion;
hence part a) is proved.
Ad b): Let’s turn to the expression for φ∗: setting ψ = φ− q, we can rewrite the value-at-risk in
third order expansion of part a) when performing the differentiation
VaRα[S(φ)] = q − 1
fL(q)
·
{(
ψ2f ′L(q)− 2ψfL(q)
) · σ2lN
2
+
(
ψ3f ′′L(q)− 3ψ2f ′L(q)
) · σ3lNµ3
6
}
+ o(σ3lN )
= (a/3) · ψ3 + (b/2) · ψ2 + c · ψ + q + o(σ3lN ) ,
with a = −(µ3σ3lN/2) · (f ′′L/fL)(q), b = (µ3σlN − 1)σ2lN · (f ′L/fL)(q), and c = σ2lN . Setting the
differential with respect to ψ equal to zero yields the quadratic formula which is solved by ψ± =
(−b ± √b2 − 4ac)/(2a). Only ψ+ constitutes a (local) minimum of the third order polynomial in ψ,
since its second order derivative evaluated at ψ± reads 2aψ±+ b = ±
√
b2 − 4ac which is only positive
for ψ+. Hence the locally minimal φ is given by φ
∗ = q + ψ+. Inserting the parameters a, b, and c
and straight forward calculus leads the assertion.
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